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Abstract. We review the current situation of the pattern of chiral sym-
metry restoration. In particular, we analyze partner degeneration for
O(4) and U(1)A symmetries within the context of Ward Identities and
Effective Theories. The application of Ward Identities to the thermal
scaling of screening masses is also discussed. We present relevant ob-
servables for which an Effective Theory description in terms of Chiral
Perturbation Theory and its unitarized extension are compatible with
lattice data even around the transition region. We pay special attention
to the role of strangeness in this context.
Keywords: QCD phase diagram, chiral symmetry restoration.
1 Introduction
Over recent years, we are progressively reaching a deeper understanding of the
QCD phase diagram and its main properties. Combined efforts from experi-
ment, lattice simulations and phenomenology are allowing to access regions of
the (T, µB) plane increasingly richer in baryon density. In particular, beam en-
ergy scans [1] would reveal whether a critical point exists and the behaviour of
QCD matter around it. This is actually one of the main objectives of the current
program of hot and dense QCD matter in lattice and heavy-ion collisions [2,3].
In this context, a significative advance has been to realize that the phase
boundary lies close to the chemical freeze-out for physical conditions of net
baryon number B, electric charge Q and strangeness S, accesible to experimen-
tal heavy-ion experiments. Thus, using hadron statistical models [4], which have
been very successful in the past for this purpose, one can fit hadron yields from
ALICE data. The result of such fits are points on the freeze-out (T, µB) curve
which turn out to overlap with the critical line obtained from lattice collabora-
tions where µB is treated within Taylor expansions to avoid the so-called sign
problem [5]. In addition, the study of fluctuations of those very same conserved
changes opens up interesting possibilities. A particularly interesting analysis in
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this context regarding strangeness is the study of crossed susceptibilities per-
formed in lattice works [6]. This is relevant because a combination of BS and QS
crossed susceptibilities provides a relation between chemical potentials µB,S,Q.
Such relation can also be tested at freeze-out with experimental hadron yields
fits or with theoretical models such as the Hadron Resonance Gas (HRG).
The µB = 0 regime is in principle much better understood. Regarding the
transition, the most analyzed signals have been the inflection point of the (sub-
tracted) light quark condensate 〈q¯q〉l = 〈u¯u+ d¯d〉 and the peak of the scalar (or
chiral) susceptibility χS . Both reveal a crossover-like transition in the physical
case (Nf = 2 + 1 light flavors and physical quark masses) at Tc ' 156 MeV [5,7]
which in the chiral limit reduces to T 0c ' 132 MeV [8] and becomes a true phase
transition, most likely of second order, for two massless flavours [9].
An open problem in this context is to determine not only the order but the
universality class (pattern) of the chiral phase transition. This depends crucially
on whether the U(1)A anomalous symmetry is sufficiently restored at Tc [9,10,11],
which may even affect the properties of the possible critical point at µB 6= 0
[12]. A second-order O(4) ≡ SU(2) × SU(2) transition would be preferred in a
scenario with U(1)A breaking at Tc, while a second-order U(2)×U(2) one would
correspond to a U(1)A restored situation. The latter may even degenerate into
a first order transition for strong enough U(1)A restoration [11].
A useful perspective to explore this problem is the analysis of partners, i.e.,
hadronic states which should become degenerate under those symmetries. Con-
sider for instance the pseudoscalar and scalar nonets pia = iψ¯lγ5τ
aψl, δ
a =
ψ¯lτ
aψl for isospin I = 1, ηl = iψ¯lγ5ψl, ηs = is¯γ5s, σl = ψ¯lψl, σs = s¯s for I = 0,
Ka = iψ¯γ5λ
aψ, κa = iψ¯λaψ (a = 4, 5, 6, 7) for I = 1/2. Here, ψl is the light
quark doublet and those states correspond respectively to the quantum numbers
of the pion, a0(980), light and strange component of the η/η
′, light and strange
components of the f0(500)/f0(980), kaon and K(800) (or κ). For the isospin
I = 0, 1 sector, chiral and U(1)A transformations connect the bilinears
pia
SUA(2)←−−−→ σ, δa SUA(2)←−−−→ ηl, (1)
pia
U(1)A←−−→ δa, σ U(1)A←−−→ ηl, (2)
which are the partners that have been studied in recent lattice and theoretical
works on this subject. The lattice results are not fully conclusive. On the one
hand, for Nf = 2 + 1 flavors and physical quark masses, the analysis of [13]
shows degeneracy of U(1)A partners well above the O(4) ones. On the other
hand, Nf = 2 works [14,15,16,17] point to U(1)A restoration at Tc in the chiral
limit, while for massive quarks in those works the strength of U(1)A breaking
increases with the volume [11].
2 Ward Identities
We have recently analyzed the chiral pattern commented above, exploiting Ward
Identities derived formally from the QCD generating functional [18,19]. In par-
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ticular, the following identity connects susceptibilities (two-point correlators at
p = 0) in the pseudoscalar ηl, pi and crossed ηlηs channels with the topological
susceptibility of the anomaly operator A(x) = 3g
2
16pi2 TrcGµνG˜
µν :
χlsP (T ) = −2
mˆ
ms
χ5,disc(T ) = − 2
mˆms
χtop(T ), (3)
where χ5,disc(T ) =
1
4
[
χpiP (T )− χllP (T )
]
and mˆ = mu = md. Now, one can choose
a SU(2)A transformation so that
ηl(x)
SUA(2)−−−−−→ −δb(x)⇒ χlsP
SUA(2)−−−−−→ 0, (4)
since ηs is invariant under SU(2)A transformations and the δηs correlator van-
ishes by parity. Therefore, from (3), the conclusion is that for exact chiral restora-
tion, where δ and ηl should degenerate, χ5,disc should vanish as well. Thus, pi
a−η
degenerate and the O(4) × U(1)A pattern is realized. This should be then the
scenario in the chiral limit for two massless flavours at Tc, consistently with the
lattice results in [14,15,16,17,11]. For Nf = 2 + 1 flavours and physical masses,
the strangeness contribution and the large uncertainties for δ − ηl degenera-
tion [13] might explain a stronger U(1)A breaking, consistently also with the
chiral limit analysis of that collaboration [5].
An interesting application of WI in this context is related to the temperature
dependence of lattice spatial screening masses Mi [19,20] for different i channels.
Assuming a scaling Mi(T )/Mi(0) ∼ [χi(T )/χi(0)]−1/2, the WI allow to connect
Mi(T ) with suitably subtracted quark condensates, well under control in lattice
simulations. This assumption implies that the zero momentum propagator given
by the susceptibilities χi dominates the thermal dependence. One can actually
test such scaling laws directly for lattice collaborations providing data on both
screening masses and quark condensates for the same lattice setup. Such test has
been performed in [19] for the pi,K, s¯s and κ channels, which according to the
WI scale as the inverse square root of 〈q¯q〉l, 〈q¯q〉l + 2〈s¯s〉, 〈s¯s〉 and 〈q¯q〉l − 2〈s¯s〉
respectively. The agreement is quite good, with only two fit parameters related
to the definition of subtracted condensates. It explains also the qualitative be-
haviour of the Mi(T ) around Tc, from the expected one of the quark condensates
involved. Thus, for instance, the rapid growth of Mpi(T ) would be explained by
the inverse dependence [〈q¯q〉l (T )]−1/2 while MK and Ms¯s are softened by the
〈s¯s〉(T ) component.
3 Effective Theories
Hadronic effective approaches like the HRG or ChPT (for the lightest states)
are needed to provide a physically meaningful description below the transition.
In connection with our previous discussion, it is worth mentioning that recent
analysis within U(3) ChPT (where N−1c is included in the standard chiral power
counting) have allowed on the one hand to verify the previously mentioned WI
[20] and on the other hand to confirm the pattern of O(4)×U(1)A restoration in
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the chiral limit [19]. The latter is showed in Fig. 1 where pseudocritical temper-
atures associated to the degeneracy of different O(4) and O(4)×U(1)A partners,
converge as the pion mass vanishes.
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Fig. 1. Left: Evolution towards the chiral limit of the different O(4) and U(1)A restora-
tion temperatures within U(3) ChPT. Right: Temperature dependence of the topo-
logical susceptibility calculated within the U(3) formalism compared to lattice data
from [21] and [22] with Tc = 155 MeV.
The U(3) ChPT framework allows also to obtain a quite accurate description
of the topological susceptibility χtop and its thermal dependence [23]. The leading
order yields
χ
U(3),LO
top = Σ
M20 m¯
M20 + 6B0m¯
(5)
with Σ = B0F
2 the single-flavor quark condensate in the chiral limit, B0 =
M20pi±/(mu + md), with M0pi± the tree-level mass of the charged pions, F the
pion decay constant in the chiral limit, M0 the anomalous part of the η
′ mass
and m¯−1 =
∑
i=u,d,s
m−1i . Expression (5) reproduces the known results for two
and three light flavours in the limit M0 → ∞ [24] as well as the quenched
gluodynamics limit for mi → ∞ [25,26]. The NLO corrections can be found in
[27], while the NLO and NNLO U(3) results at T = 0 are given in [23], including
the fourth-order cumulant of the topological charge. The contribution of η′ loops
and η − η′ mixing corrections provided by the U(3) formalism are of the same
order as the K, η SU(3) ones and are compatible with the lattice results in
[21,28]. In addition, the large-Nc behaviour of both quantities arising naturally
within this formalism agrees also with lattice analysis [28].
The temperature evolution of the topological susceptibility within the U(3)
ChPT analysis, showed in Fig. 1, is consistent with lattice data, even far beyond
the applicability range of the theory. Although χtop(T ) scales perturbatively as
〈q¯q〉l (T ) (actually both quantities are proportional at LO), deviations from this
behaviour are expected around the transition. Actually, from the WI in (3) and
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the WI χpiP = −〈q¯q〉l /mˆ, an additional contribution proportional to χllP (T ) is
present, consistently with the existence of a sizable gap between chiral and U(1)A
restoration.
Finally, we remark that combining the standard ChPT expansion with uni-
tarization arguments, one can generate thermal resonances, which show up as
second-sheet Riemann poles of meson scattering amplitudes at finite tempera-
ture [29]. The case of the thermal f0(500) is particularly important in the present
context since it saturates the scalar susceptibility, giving rise to a peak around
the crossover transition compatible with lattice data, as shown in Fig. 2, even
more accurately than the HRG description [30,31].
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Fig. 2. Scalar susceptibility saturated by the unitarized thermal f0(500) pole, according
to [31]. A normalization factor A has been chosen to match the perturbative ChPT
result at T = 0 and the uncertainty bands given by the low-energy constants (LEC) is
shown. Lattice points are taken from [7].
4 Conclusions
Despite the recent advances in the understanding of the QCD phase diagram,
there are still many relevant open problems such as the nature of the transi-
tion, the description of matter rich in baryon density and the critical point.
We have showed that the use of theoretical tools such as Ward Identities and
Effective Theories allow us to make strong claims about the pattern of the tran-
sition. It points towards O(4) × U(1)A restoration in the limit of two massless
flavours, from the analysis of partner degeneration. Related observables accu-
rately described within this framework are screening masses, the topological
charge distribution and the scalar susceptibility through thermal unitarity.
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